Abstract. The dispersion relation for capillary waves at the boundary of two different Bose condensates is investigated using a trial wave-function approach applied to Gross-Pitaevskii (GP) equations. The surface tension is expressed by the parameters of GP equations. In the long wave-length limit the usual dispersion relation is re-derived while for wavelengths comparable to the healing length we predict significant deviations from the ω ∝ k 3/2 law which can be experimentally observed. We approximate the wave variables by a frozen order parameter, i.e. the wave function is frozen in the superfluid analogous to the magnetic field in highly conductive space plasmas.
INTRODUCTION
An interesting theoretical and experimental property of the Bose Einstein condensates is that they can be immiscible. This feature opens the possibility to explore and observe interface phenomena. The purpose of the present work is to investigate capillary waves at the boundary of two Bose condensates. The repulsion interaction between Bose particles is modeled by a delta-function Fermi pseudopotential:
parameterized [1] by the scattering lengths a. For the system of (1) 41 K, (2) 87 Rb, for example, we have g i j = 2πh 2 a i j (m
a 11 = 65 a B , a 22 = 99 a B , a 12 = 163 a B .
The fluids are immiscible if the xenophilia parameter (the inverse relative interaction parameter for bosons) Ξ ≡ √ g 11 g 22 /g 12 satisfies the condition 0 < Ξ < 1 [8] . In order to emphasize the role of the interface in the present work we will analyze the case of the complete segregation Ξ ≪ 1. In the next section 2 we will recall the Gross-Pitaevskii equation, then we will test our Ginzburg-Landau (GL) approach in Sec. 3 by reproducing the GL surface tension of a type-I superconductors for the special case of κ ≪ 1. Later on we will adapt a GL trial function for Bose condensates in Sec. 4 , and following a hydrodynamic analysis in Sec. 5 we will analyze the dispersion relation of the interface capillary waves in Sec. 6.
GROSS-PITAEVSKII EQUATIONS
Our starting points are the Gross-Pitaevskii [3] equations for the order parameters of two Bose condensates ih ∂ ∂t
ih ∂ ∂t
cf. Sec. 30 in [4] . These equations are actually Euler-Lagrange equations
minimizing the action
The first term of the Lagrangian L t that has a Schrödinger time derivative component has no contribution to the further energy balance. The second term under the integral is related to the Gibbs free energy. In detail we have
Here G tot is the Ginzburg-Landau (GL) density of the Gibbs free energy. In order to test a trial function approach in the next Section we rederive the GL result for the surface tension which is common for extreme type-I superconductors and Bose gases with complete segregation.
GINZBURG-LANDAU THEORY FOR SURFACE TENSION. TEST EXAMPLE
Let us now confer to the GL theory [2] of superconductors in order to derive the surface tension; for a pedagogical introduction see Sec. 46 of [4] . The density of the Gibbs free energy comprises: kinetic energy of the particles with effective mass m * and charge e * moving temperature dependent potential a(T ), a self-interacting term, and energy density of the magnetic field
Here, we have introduced the critical temperature T c , the reduced temperature τ, the coherence length ξ and its value at zero temperature ξ 0 , the vector potential A, the external magnetic field B ext , the magnetic pressure P(T ), the critical magnetic field B c (T ), the penetration depth λ, the GL parameter κ which is supposed to be very small, the equilibrium density of the condensate n and the surface tension σ. The tanh-profile of the order parameter within the superconductor z > 0 is the solution of the GL equation for small κ. The test of the trial function approach is to re-derive the A * = 2 5/2 /3 = 4 √ 2/3 ≈ 1.89 factor in the GL result for the surface tension. Due to the mathematical similarity, the surface tension between two Bose condensates is related to the surface tension of the GL theory. Many results for Bose gases have been re-derived for superconductors, of course without reference to the original publications because the physical systems are different, cf. [7] . For Bose gases with equal healing length ξ 1 = ξ 2 we have
Let us consider the interface between the normal and superconducting phases parallel to the x and y directions. In order to calculate the surface tension, defined as an excess energy per unit area, we consider a periodic interface modulation along the x-directions
Here . . . x denotes an average over x. We suppose that the amplitude of the modulation ζ 0 is much smaller than the wave length λ = 2π/k. For a rectangular unperturbed surface of area f 0 = L x L y the interface area change is f = L y (dx) 2 + (dζ) 2 and its relative increase is
Let us now consider the trial wave function which is a rigid (in the x-direction) displacement of φ 0 :
The aim is to calculate the change of the kinetic energy. By expressing the order parameter using the amplitude A and the phase θ we have:
For the GL problem the wave function is real-valued and therefore:
For the interface averaged along the modulation direction x, we have up to second order in ζ 0 :
and for the change of the free energy density due to the amplitude gradient we obtain
In the next steps, we substitute the tanh-profile of the GL solution:
and using the integral
we derive for the change of the free energy per unit area:
This integral formula is exact and gives the ψ-dependent part for the surface tension for the exact solution of the GL equations; the tanh-profile is only an illustration for the case of κ ≪ 1. This integral is actually the matrix element of the kinetic energy for the motion in z-direction. Therefore, the GL surface tension can be evaluated not only as the energy of creation of the phase boundary but also as the bending energy of the surface. The ξP representation of the surface tension σ is common for superconductors and Bose condensates. For superconductors ξ(τ) is the temperature dependent coherence length and for Bose gases ξ is the healing length at zero temperature. After this simple example using the perturbative trial function approach we continue with the problem of Bose condensate wave function.
TRIAL FUNCTIONS
For the wave function of the two Bose condensates we will follow the same idea, namely to factorize the order parameter by z-dependent amplitude and time and space dependent phase
For the rigid wave function we will use the static solution of Gross-Pitaevskii equations
Note that, in order to derive these static GP equations we actually take into account the time derivative term L t of the Lagrangian. We continue by assuming the idealistic case of complete phase segregation, equal intra-species scattering lengths and equal masses such that g 11 = g 22 = g, m 1 = m 2 and g 12 ≫ g. Eqs. (19) then describe the ground state of a flat unperturbed interface. The remaining physical quantities are the pressure P, the chemical potential µ, the healing length ξ, and the sound velocity c that are connected by well known relations
For the extreme case of full segregation the wave functions coincide with the GL wave function for extreme type-I superconductors:
The first approach to analyse the interface excitations is to use a periodic along the z-direction which is rigid along the x-direction, just as we have done for the GL problem, but here a time dependence has to be added. Even for the general case of arbitrary wave-functions Ψ 0, j (x, z, t) the interface displacement ζ(x, t) can be defined as a minimum in z-direction of the product
However, there is a necessary generalization which we will analyse in the next section devoted to the hydrodynamics of capillary waves.
ONE QUANTUM HYDRODYNAMICS
Let us now consider a potential flow for which the velocity field v is presented by velocity potential Φ and by displacement vector u (also called deformation in the theory of elasticity)
The velocity potential is an action per unit mass and for superfluids it is proportional to the phase of the order parameter. The number density, on the other hand, is proportional to the square of the modulus of the wave function n = |Ψ| 2 . For the velocity potential we have to use harmonic functions with exponential decay exp(±kz) in the bulk of the half space for every gas
For the model case of complete segregation we can use a trial function for the velocity potential that is common for both superfluids
Let us recall, however, that in the regime of complete segregation for the first superfluid i = 1 we will use z > 0, and density for the second superfluid j = 2 is nonzero for z < 0. The velocity normal to the interface is continuous while its tangential component is discontinuous along the interface. Also, for capillary waves the two superfluids slip one another.
For the sake of definitiveness of our further analysis we will consider the z < 0 half-space, cf. Sec. 12 of [5] . The gradient of the velocity potential yields
The displacement vector has, therefore, the following components:
Far from the surface |z| ≫ ξ the density is almost constant and the oscillations of the pressure δP = −mnv 2 /2 can be evaluated using the Bernoulli theorem. The small (quadratic with the amplitude) variation of the pressure also creates small and negligible density oscillations δn = δP/mc 2 .
Analogously to the derivation of GL surface tension Eq. (9) one can obtain the boundary condition for the amplitude of the interface modulation which gives the relation between the amplitudes of the velocity and the potential oscillations
The first equation is a usual boundary condition for the waves at the surface of a fluid, cf. [5] . Here we consider as perturbations both the interface displacement and the velocity potential. During such perturbations the order parameter is frozen in the fluid like a magnetic field in plasma with high conductivity [6] Ψ(r, t) = ψ 0 (r − u(r, t)) exp (imΦ(u(r, t))/h) ,
The corresponding fluid density is also frozen n(r, t) = n 0 (r − u(r, t)), where n 0 (r) = |ψ 0 (r)| 2 . The flux of the particles j = nv with v = ∇Φ = ∂ t u and ∇ 2 Φ = 0, however, obeys the conservation law ∂ t n + ∇ · j = 0. In other words, in our system of notion and notations we use the concept of the order parameter frozen in the fluid. Returning to the problem of two distinct Bose gases we receive the final expression for the trial wave functions
i.e. order parameter has two explicit z-dependences which we will take into account in our further hydrodynamic analysis considering the kinetic (∇Φ-dependent) and potential (u-dependent) energy in the superfluid. Under the limit of long wavelengths, as used for calculation of the GL surface tension, u z (x, z, t) ≈ ζ(x, t) the density profile moves as a rigid object Eq. (11) and the fluid can be considered as incompressible. For capillary waves, upon assumption that the group velocity is much smaller than the speed of sound, the compressibility effects are negligible. One can continue by constituting Eq. (30) in the GP equation and obtaining a solution of the linearized system for the real functions u z (x, z, t) and θ(x, z, t).
Kinetic energy of the superfluid
Our first step is to calculate the kinetic energy per unit area of one semispace superfluid
with velocity field Eq. (26) calculated by the gradient of the velocity potential; all other energies can be considered as potential ones. The kinetic energy corresponds to the phase gradient in the term ∇θ in Eq. (12). Let us consider the GL tanh-profile Eq. (7) n 0 (z) = n tanh
After a simple integration of the surface density of the kinetic energy, the GL tanh-profile amounts to:
For brevity, we introduce a convenient dimensionless wave-vector s and the functions L n (s) which we will use in our further analysis. The dimensionless factor Z ρ (k) is not a partition function but rather describes the wave-vector dependence of the effective density of the superfluid. While the kinetic energy (∝ v 2 ) stems from the phase gradient of the wave-function, the gradient of the amplitude in Eq. (12) should be attributed to the potential energy in the superfluid, determined by the deformation u z and which is considered in the next subsection. We already applied this approach to the GL free energy in Sec. 3. The next step is to calculate the potential energy.
Potential energy of the curved density. Renormalization of surface tension
In order to calculate the potential energy of the capillary waves, we replace in the GL problem Eq. (11) the amplitude of surface modulation with the z-dependent amplitude of the displacement ζ(x) → u z (x, z, t). For the z-dependent amplitude of the wave-function in Eq. (11) this substitution reads
After this replacement, the space density of the GL free energy in Eq. (15) acquires an exponential multiplier δG A (z > 0) x → e −2kz δG A (z > 0) x which is the only difference from the original GL problem for type-I superconductor surface tension
An additional term arises from ∂ z u z (z) that has an extra k factor. However, we will omit it in our long-wavelength analysis. Formally, the GL result Eq. (17) for the surface tension σ 0 can be identified as the long wavelength limit of the potential energy of the surface modulation. The z-dependence of the displacement vector u z can be considered as the renormalization of the surface tension in Eq. (17) σ 0 → σ = Z σ σ 0 . A simple integration results for the wave-vector dependent renormalization factor to
This renormalization factor describes the decrease of the potential energy (surface tension) caused by the exponential decrease of the superfluid amplitude far from the interface
Using time-averaged kinetic and potential energy we continue further with the calculation of the dispersion relation of the capillary waves.
DISPERSION RELATION
Our consideration of the energy of the capillary waves is based on Eq. (12) that is implicitly incorporated in the action functional Eq. (5). Analyzing small amplitude waves we implicitly use linearized equations and a quadratic effective Lagrangian. The kinetic energy is proportional to the square of the velocity amplitude (see Eq. (33a)), or
while the potential energy is proportional to the square of the interface modulation (see Eq. (17)), or E pot = E A ∝ ξ 2 0 . For mechanical oscillations with quadratic action the virial theorem gives E kin = E pot . The boundary condition Eq. (28) then determines the dispersion relation
Due to our conservative notations the dispersion relation has the same form as it has for the usual capillary waves, cf. Sec. 63 of [5] 
For long wavelengths we arrive at the usual dispersion of the capillary waves. The last factor is the only one that takes into account the wave-vector dependence of the frequency renormalization created by the profile of the order parameter. This factorization remains the same for any arbitrary distribution of the effective wave function close to the interface and not just for the model case of complete segregation. One can easily check that at the long-wavelength limit the group velocity is much smaller than the sound velocity v gr = ∂ω/∂k ≪ c and therefore, the compressibility effects are negligible. It is not surprising that we used the velocity potential for an incompressible fluid Eq. (25) as a trial function. Using a trial function approach we have derived the dispersion for relatively small s. For the opposite case of kξ ≫ 1 we have to go beyond the model case of full segregation and for moderate values of Ξ < 1 we have to to take into account the final width of the mutual penetration of Bose gases. When it is small, this parameter can be described by the solution of the universal phase boundary equation [7] , Eq. (19) which gives the interpolation formula for the surface tension with nonanalytic dependence of the GP parameter g 12
The tanh wave function has to be continued by the scaled solution of the universal phase boundary function X(τ).
There is only one Nobel prize related to surface tension and we have to make a historical remark. Analyzing the √ κ correction to the surface tension Ginzburg and Landau derived a universal system without any parameters d 2
2 Y which they claimed needed solving just once [2] . In this paper the fictitious time τ is in some units the distance to the boundary of the phases. Due to the symmetry of the system, it is reduced to an universal equation (40) for the phase boundary which has been solved with sufficient accuracy for the analysis of the experimental data [7] . The corresponding mechanical problem is depicted in [7] , Fig. 5 . For superconductors, the universal phase boundary function X describes both vector-potential A ∝ X(τ) and order parameter ψ ∝ X(−τ) while for Bose gases this function describes the wave functions for both the gases ψ 1 ∝ X(τ) and ψ 2 ∝ X(−τ). A more accurate power expansion of the surface tenzion is [7] , Fig. 4 
DISCUSSION AND CONCLUSION
To compare with the experiment, we have to additionally evaluate the statistical renormalization of the surface tension, cf. Sec. 23 of [4] :σ
It will be instructive to compare and relate our trial function with the functionsũ-andṽ defined as follows:
Solutions toũ-andṽ can be obtained directly from the exact solution of the Gross-Pitaevskii equation, cf. again Sec. 30 in [4] . We expect that the trial wave function approach will be asymptotically correct for small wave vectors while for s > 1 one could expect significant deviations. For nonzero GL parameter κ, the profile of the order parameter can be expressed by the universal GL equations [7] . Using this universal solution, it will be instructive to see how small inter-species penetration influences the dispersion for large wave vectors. By introducingũ-andṽ variables one can investigate compressibility effects and sound velocity dependent corrections to the dispersion. This will be the theme for further analysis. It is necessary to calculate g j j dependent terms in the wave energy. We suppose that the most informative function for further analysis is the wave-vector dependence of the ratio of ρ 0 ω 2 (k)/σ 0 k 3 versus the dimensionless wave-vector s = 2 √ 2kξ. It is worthwhile to perform direct numerical analysis of the GP equations. For this dependence the trial function approach, after power expansion, gives almost linear dependence 
for ∂ω/∂k ≪ c. We believe that this small deviation of the frequency from the usual result for the capillary waves can be experimentally observed. Finally, we wish to emphasize that for linear waves the calculation of the dispersion is simplified. We have to solve a 1-dimensional problem for the distribution of the order parameters and to substitute those ground state functions in the integrals for the matrix elements which will give the waves dispersion. For different Bose gases, the results from the present work can easily be applied by making natural generalizations like (ρ 1 + ρ 2 )ω 2 = (σ 1 + σ 2 )k 3 . The trial function method easily produces an approximate solution. Before an arbitrage by an experiment, it is wise to apply reliable, rigorous, insightful and exact methods and to calculate how significant are the deviations from the simple linear dependence in the plots (ω 2 /k 3 versus k) and (σ 0 versus Ξ 1/4 ); the trial function method is asymptotically exact for long wavelengths waves.
